Let Ω be a Lipschitz bounded domain of ℝ N , N ≥ . The fractional Cheeger constant h s (Ω), < s < , is defined by
with χ E denoting the characteristic function of the smooth subdomain E. The main purpose of this paper is to show that lim where E is a smooth subset of Ω and the nonnegative values P(E) and |E| denote, respectively, the distributional perimeter and the N-dimensional Lebesgue measure of E. A subset E that minimizes the quotient is a Cheeger set of Ω. In [7] Kawohl and Fridman proved that with | ⋅ | r standing for the usual norm of L r (Ω), ≤ r ≤ ∞ (this notation will be adopted from now on). In [2] a different characterization of the Cheeger constant of Ω was obtained:
where ϕ p denotes the p-torsion function of Ω, that is, the solution of the Dirichlet problem
which is known as the p-torsional creep problem (see [6] ). We remark that
since the minimum is attained at ϕ p /|ϕ p | . The fractional version of problem (1.1) consists in minimizing that quotient when P(E) is substituted by P s (E), given by
where χ E stands for the characteristic function of the smooth subdomain E. The value P s (E) is called the (nonlocal) s-perimeter of E. So, the fractional Cheeger problem is the minimization problem
and h s (Ω) is called the s-Cheeger constant of Ω. For < p < ∞ and s ∈ ( , ), the fractional (s, p)-Laplacian (−∆) s p is the nonlinear nonlocal operator defined by
This definition is consistent, up to a normalization constant depending on p, s and N, with the usual pLaplacian operator. The first (fractional) eigenvalue λ s ,p (Ω) of (−∆) s p is the least number λ such that the problem
has a nontrivial weak solution (see [4, 8] ). Its variational characterization is given by (see [1] ) [7] for the Cheeger problem
(1.4)
In this paper, by assuming that Ω is a Lipschitz bounded domain, we show, in the spirit of the paper [2] , that the fractional version of the torsional creep problem
is intrinsically connected to both the s-Cheeger problem and the first eigenproblem for the fractional Dirichlet p-Laplacian, as p goes to . This connection will be developed in Section 2, where we introduce the (s, p)-torsion function of Ω, that is, the weak solution ϕ s p of (1.5). We will derive the estimates
where B denotes the unit ball of ℝ N . Then, taking (1.4) into account, we will combine (1.6) with (1.7) in order to conclude the main result of this paper:
Moreover, in Section 2 we prove that
As an immediate consequence of this fact, we show that ϕ s p is a radial function when Ω is a ball.
The Main Results
From now on Ω denotes a Lipschitz bounded domain of ℝ N , N ≥ , and < s < < p < N s .
Definition 2.1. The Sobolev space W s,p (Ω) is the closure of C ∞ (Ω) with respect to the norm
where
The functions in W s,p (Ω) have a natural extension to ℝ N and, although u = in ℝ N \ Ω, the identity
It is worth mentioning that W s,p (Ω) is a reflexive Banach space and that this space coincides with the closure of C ∞ (Ω) relative to the norm
Moreover, thanks to the fractional Poincaré inequality (see [ 
we have that [ ⋅ ] s,p is also a norm in W s,p (Ω), equivalent to the norm defined in (2.1).
We refer the reader to [3] for fractional Sobolev spaces.
Definition 2.2.
We say that a function u ∈ W s,p (Ω) is a weak solution of the fractional Dirichlet problem
a notation that will be used from now on.
The existence of a weak solution of (2.
whereas the uniqueness comes from, for instance, the comparison principle for the fractional p-Laplacian (see [8, Lemma 9] ). The same principle shows that if f is nonnegative, then the weak solution u is nonnegative as well. When f ∈ L ∞ (Ω) and Ω is sufficiently smooth, say with boundary at least of class C , , the weak solutions are α-Hölder continuous up to the boundary for some α ∈ ( , ), see [5] . We observe that the sequence (u n ) is bounded in L (Ω):
On the other hand, the weak convergence guarantees that
It follows that m = [u]
p s,p , so that the infimum in (2.5) is attained by the weak limit u. By applying Lagrange multipliers, we infer the existence of a real number λ such that
p s,p and ∫ Ω u dx = . This fact and (2.6) imply that u is a weak solution of the Dirichlet problem Proof. Since u and ϕ s p are both equal zero in ℝ N \ Ω and
holds for every nonnegative φ ∈ W s,p (Ω), inequality (2.8) follows from the comparison principle (see [8, Lemma 9]). In order to prove (2.9), we use (1.2) and Hölder's inequality: 
Proof. Taking u = e s p and f = λ ,p (Ω)(e s p ) p− in (2.8), we readily obtain (2.10). Hence, passing to maxima, we arrive at the first inequality in (2.11). The second inequality follows from (2.9) with u = ϕ s p and f ≡ .
We would like to emphasize the following consequence of (2.10): ϕ s p > almost everywhere in Ω. A Faber-Krahn inequality also holds true for the first fractional eigenvalue. The next estimate is obtained by applying standard set-level techniques; however, the bounds obtained are adequate to study the asymptotic behavior as p → + .
Since u ∈ W s,p (Ω) and u ≥ in Ω, the function
It is not difficult to check that
Thus, we have
(2.14)
We now consider k > such that |A k | > . In order to estimate
s,p from below, let us fix a ball B ⊂ ℝ N and apply Lemma 2.7 to obtain
Hence, Hölder's inequality yields
. Thus, from (2.14) it follows that
, and so
the last equality being a consequence of Cavalieri's principle. Combining the definition of g(k) with (2.15), we have
Therefore,
Integration of (2.16) from to k produces
Let c denote, just for a moment, the right-hand side of the latter inequality. We have proved that k ≤ c whenever |A k | > . Since c does not depend on k, this implies that |A k | = for every k > c, thus allowing us to conclude that u ∈ L ∞ (Ω) and also that |u| ∞ ≤ c. So, It is interesting to note that, as it happens with the standard p-torsion functions, |u| ∞ = |Ω| − when Ω is a ball. In fact, in this case (2.12) yields 
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